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The purpose of this paper is to ﬁnd upper bounds for the degrees, or equivalently,
for the order of the poles at O, of the coordinate functions of the elliptic Teichm .uller
lift of an ordinary elliptic curve over a perfect ﬁeld of characteristic p. We prove the
following bounds:
ord0ðxnÞ5 ðnþ 2Þpn þ npn1; ord0ðynÞ5 ðnþ 3Þpn þ npn1:
Also, we prove that the bound for xn is not the exact order if, and only if, p divides
ðnþ 1Þ, and the bound for yn is not the exact order if, and only if, p divides
ðnþ 1Þðnþ 2Þ=2. Finally, we give an algorithm to compute the reduction modulo p3
of the canonical lift for p=2; 3. # 2002 Elsevier Science (USA)
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Voloch and Walker [5] applied the theory of canonical lifts of elliptic curves
to construct error-correcting codes. In that paper, the degrees of some
polynomials, that we shall make precise later, have some importance in
estimating exponential sums. We here try to analyze those degrees, giving
upper bounds and ﬁnding when the degrees are strictly less than those
bounds. Also, we describe an algorithm to compute the reduction modulo
p3 of canonical lifts explicitly for p=2; 3.
We will consider an ordinary elliptic curve over a perfect ﬁeld k of
characteristic p > 0. The curve can be given by a Weierstrass equation:
E=k : y20 þ a0x0y0 þ b0y0 ¼ x
3
0 þ c0x
2
0 þ d0x0 þ e0:
Such an elliptic curve has a canonical lifting to an elliptic curve over the ring
of Witt vectors W ðkÞ,
E=W ðkÞ : y2 þ axy þ by ¼ x3 þ cx2 þ dx þ e;123
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LUI´S R.A. FINOTTI124with a ¼ ða0; a1; . . .Þ; b ¼ ðb0; b1; . . .Þ; . . . ; e ¼ ðe0; e1; . . .Þ 2 W ðkÞ, for which
we can lift the pth power Frobenius map. (See [2].)
We have an injective group homomorphism (given by a section of the
reduction map) t : Eð %kÞ ! EðW ð %kÞÞ, called the elliptic Teichm .uller lift of E:
ðx0; y0Þ/
t
ðx; yÞ ¼ ððx0; x1; x2; . . .Þ; ðy0; y1; y2; . . .ÞÞ:
We notice that we can identify E=W ðkÞ with its Greenberg transform GðEÞ=k,
for which t becomes simply
ðx0; y0Þ/
t
ðx0; x1; x2; . . . ; y0; y1; y2; . . .Þ:
By Theorem 4.1 of [5], with G ¼ O (the origin of E), the functions xn and
yn are regular except at O (the origin of E), so are of the form Rðx0Þ þ y0Sðx0Þ
for some polynomials R; S 2 k½x0	. For p=2, ðy0; y1; . . .Þ ¼ ðy0;y1; . . .Þ,
and using tðP Þ ¼ tðP Þ, one can deduce that xn 2 k½x0	 and yn ¼ y0Fnðx0Þ,
with Fn 2 k½x0	. For p ¼ 2, a similar argument also gives us that xn 2 k½x0	,
but yn does not have to be of the form y0Fn.
Our ﬁrst goal is to get good bounds for the degrees of these polynomials,
or equivalently, for the order of poles of xn and yn at O. We prove
Theorem 1.1. Let v¼def ordO, i.e., v is the valuation on the function field K
of E given by the order of vanishing of functions at O. Then, vðxnÞ5 ððnþ
2Þpn  npn1Þ and vðynÞ5  ððnþ 3Þpn  npn1Þ, for all n50.
The case n ¼ 1 was proved by Voloch and Walker [5]. We get Theorem
1.1 as a special case of Theorem 3.1.
2. WITT VECTORS AND VALUATIONS
Let p be a prime, and for any non-negative integer n consider
WnðX0; . . . ;XnÞ ¼
def
Xp
n
0 þ pX
pn1
1 þ 
 
 
 þ p
n1Xpn1 þ p
nXn;
the corresponding Witt polynomial. Then, there exist polynomials Sn; Pn 2
Z½X0; . . . ;Xn; Y0; . . . ; Yn	 satisfying:
WnðS0; . . . ; SnÞ ¼ WnðX0; . . . ;XnÞ þ WnðY0; . . . ; YnÞ ð1Þ
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WnðP0; . . . ; PnÞ ¼ WnðX0; . . . ;XnÞ 
 WnðY0; . . . ; YnÞ: ð2Þ
(See [4].)
Thus, if s ¼ ðs0; s1; . . .Þ and t ¼ ðt0; t1; . . .Þ are Witt vectors, we have by
deﬁnition
s þ t ¼def ðS0ðs0; t0Þ; S1ðs0; s1; t0; t1Þ; . . .Þ
and
s 
 t ¼def ðP0ðs0; t0Þ; P1ðs0; s1; t0; t1Þ; . . .Þ:
We may write, to simplify the notation,
Snðs; tÞ ¼
def
Snðs0; . . . ; sn; t0; . . . ; tnÞ
and
Pnðs; tÞ ¼
def
Pnðs0; . . . ; sn; t0; . . . ; tnÞ:
Now, let K be a ﬁeld of characteristic p > 0, and let us consider W ðKÞ.
(Note that although soon we will consider K as the function ﬁeld of E, as in
Theorem 1.1, for now K is any ﬁeld of characteristic p.) Since the entries of
our Witt vectors are in characteristic p, we can use the polynomials
%Sn; %Pn 2 Fp½X0; . . . ;Xn; Y0; . . . ; Yn	, that are the reductions of Sn; Pn modulo
p, to give us the sum and product of Witt vectors.
We now introduce three useful technical lemmas.
Lemma 2.1. The monomials
Q
Xaii
Q
Y bjj (disregarding the coefficient)
occurring in %Pn satisfyX
aipi ¼
X
bjpj ¼ pn and
X
iaipi þ
X
jbjpj4npn:
Moreover,
%Pn ¼
Xn
i¼0
Xp
ni
i Y
pi
ni þ %Qn;
where %Qn 2 Fp½X0; . . . ;Xn1; Y0; . . . ; Yn1	 and has its monomials (as above)
satisfying
P
iaipi þ
P
jbjpj5npn.
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%P0 ¼ X0Y0.
Now assume the lemma true for all t4n 1. We have
Pn ¼
1
pn
½ðXp
n
0 þ 
 
 
 þ p
nXnÞðY
pn
0 þ 
 
 
 þ p
nYnÞ
 ðPp
n
0 þ 
 
 
 þ p
n1Ppn1Þ	
¼ ðXp
n
0 Yn þ X
pn1
1 Y
p
n1 þ 
 
 
 þ XnY
pn
0 Þ
þ
1
p
ðXp
n
0 Y
p
n1 þ 
 
 
 þ X
p
n1Y
pn
0 Þ
..
.
þ
1
pn
ðXp
n
0 Y
pn
0 Þ 
1
pn
Pp
n
0  
 
 
 
1
p
Ppn1
þ pðXp
n1
1 Yn þ X
pn2
2 ðY
p
n1 þ pYnÞ þ 
 
 
Þ: ð3Þ
First we observe that the above polynomial has its coeﬃcients in Z. Also, the
part that is a multiple of p does not contribute to %Pn, and so we can
disregard that last line of the equation above.
For t ¼ 0; . . . ; n 1, write Pt ¼ *Pt þ pRt, where we collected all the
monomials of Pt that have coeﬃcients divisible by p in pRt. By the induction
hypothesis, *Pt also satisfy the lemma. So, now we look at the contribution of
1
pntP
pnt
t to %Pn: that is given by the monomials of *P
pnt
t , which have the form
Y
X
Ppnt
r¼1
air
i
Y
Y
Ppnt
r¼1
bjr
j ;
where the
Q
Xairi
Q
Y bjrj are monomials of *Pt for r ¼ 1; . . . ;p
nt. So,
X
i
Xpnt
r¼1
air
" #
pi ¼
Xpnt
r¼1
X
i
airp
i
" #
¼
Xpnt
r¼1
pt ¼ pn
(and the analogous for the bjr also holds) and
X
i
i
Xpnt
r¼1
air
" #
pi þ
X
j
j
Xpnt
r¼1
bjr
" #
pi
¼
Xpnt
r¼1
X
i
iairp
i þ
X
j
jbjrp
j
" #
4tpn5npn:
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remaining terms are of the form Xp
ni
i Y
pnj
j . Excluding the ones of the form
Xp
ni
i Y
pi
ni, the remaining are such that iþ j5n, and the lemma follows. ]
Now, let v : K ! R[ f1g be a valuation of the ﬁeld K. (In the
applications below, we will choose K to be the function ﬁeld of E=k and v
to be the order of vanishing at a point P 2 Eð %kÞ.) For e50, deﬁne
U ðeÞ ¼deffs ¼ ðs0; s1; . . .Þ 2 W ðKÞ
 j vðsnÞ5pnðvðs0Þ  neÞ; 8n > 0g:
(Note that W ðKÞ ¼ fs ¼ ðs0; s1; . . .Þ 2 W ðKÞ j s0=0g.)
Lemma 2.2. The set U ðeÞ is a subgroup of W ðKÞ.
Proof. Let s; t 2 U ðeÞ. The ðnþ 1Þth coordinate of st is given by %Pnðs; tÞ.
By Lemma 2.1, for each monomial of %Pnðs; tÞ we have
v
Y
saii
Y
tbjj
 
¼
X
aivðsiÞ þ
X
bjvðtjÞ
5
X
aipiðvðs0Þ  ieÞ þ
X
bjpjðvðt0Þ  jeÞ
5pnðvðs0Þ þ vðt0Þ  neÞ: ð4Þ
Therefore, vð %Pnðs; tÞÞ5pnðvðs0t0Þ  neÞ for all n, i.e., st 2 U ðeÞ. (Note that
since all elements of Fp are roots of unity, v is zero on all its elements, and
we do not have to worry about the coeﬃcients of the monomials in %Pn.)
We prove that t¼defs1 2 U ðeÞ by induction on the coordinate: assume that
for all i5n we have vðtiÞ5piðvðt0Þ  ieÞ. We observe that
%Pnðs; tÞ ¼ tns
pn
0 þ 
 
 
 ¼ 0;
where no omitted term involves tn. So, vðtns
pn
0 Þ is equal to the valuation of
the omitted terms. But for those, we can use (4), and so
vðtns
pn
0 Þ5p
nðvðs0Þ þ vðt0Þ  neÞ
and this gives us vðtnÞ5pnðvðt0Þ  neÞ. ]
Lemma 2.3. If vðs0Þ ¼ 1 and vðsnÞ51 for all n, then s 2 U ððp  1Þ=pÞ.
Proof. Just note that vðsnÞ515pn½1 nðp  1Þ=p	 ¼ npn1
ðn 1Þpn. ]
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Now let K denote the function ﬁeld of E= %k and K be the function ﬁeld of
E over the ﬁeld of fractions k of W ð %kÞ. An element g 2 K can be written as a
quotient g1=g2, where g1; g2 2 W ð %kÞ½x; y	. Let R be ring of functions g ¼
g1=g2 2 K (as above), such that g2c0 ðmod pÞ. (Then R is the valuation ring
of K with respect to the valuation associated to p.) We can identify R with a
subring of W ðKÞ (via t* ). We can then write for every g 2 R,
g ¼ ðg0; g1; . . .Þ 2 W ðKÞ, and if g is regular at tðP Þ, for P 2 Eð %kÞ, then gi is
regular at P for every i50 and gðtðP ÞÞ ¼ ðg0ðP Þ; g1ðP Þ; . . .Þ.
Deﬁne, for P 2 Eð %kÞ,
UðP Þ ¼deffg 2 R j ordtðP ÞðgÞ ¼ ordP ðg0Þg
and
U0ðP Þ ¼
deffg 2 UðP Þ j ordP ðg0Þ ¼ 0g:
Observe that clearly UðP Þ is a subgroup of R and U0ðP Þ is a subgroup of
UðP Þ.
Theorem 3.1. Let g ¼ ðg0; g1; . . .Þ 2 UðP Þ. Then
ordP ðgnÞ5pnðordP ðg0Þ  nÞ þ npn1 for all n50:
Proof. Let p 2 UðP Þ be such that ordtðP ÞðpÞ ¼ 1. (Note we can choose p
as either ðx  xðtðP ÞÞÞ, y or x=y.) By Lemma 2.3, p 2 U ððp  1Þ=pÞ, now
with v¼defordP . In the same way, p1vðg0Þg 2 U ððp  1Þ=pÞ. Since U ððp  1Þ=pÞ
is a group, g 2 U ððp  1Þ=pÞ. ]
Theorem 1.1 then follows, applying the previous theorem with P ¼ O and
g ¼ x; y.
We observe that if ordtðP ÞðgÞ50, then Theorem 3.1 gives us upper bounds
for the order of the poles of the gn’s, for all n50. If ordtðP ÞðgÞ > 0, the
theorem still gives us some information: it gives lower bounds for the order
of the zeros for n5pðordP ðg0ÞÞ=ðp  1Þ.
4. LEADING COEFFICIENTS
Our main goal in this section is to verify when we do not have the equality
in the upper bounds of Theorem 1.1. But since the same techniques give
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as a corollary.
As observed in the proof of Theorem 3.1, we can always take a
uniformizer p0 at P that is a reduction of a uniformizer p at tðP Þ. Let p0 be
such a uniformizer at P and let g 2 UðP Þ. Also, let the expansion of gn in
terms of p0 be
gn ¼ bnðgÞp
pnðordP ðg0ÞnÞþnpn1
0 þ 
 
 
 ; ð5Þ
where the omitted terms have higher powers of p0 (by Theorem 3.1). We call
bnðgÞ 2 k the nth leading coecient of g at P , relative to p0.
Finally, deﬁne
FðgÞ ¼def
X1
n¼0
bnðgÞ
pnT n:
Theorem 4.1. The function F : UðP Þ ! ðk½½T 		Þ is a group homomorph-
ism.
Proof. Let g; h 2 UðP Þ. We must prove that FðghÞ ¼ FðgÞFðhÞ, i.e.,
bnðghÞ ¼
Xn
i¼0
biðgÞ
pni bniðhÞ
pi :
This is another application of Lemma 2.1: taking valuations v¼defordP on the
terms of %Pnðg; hÞ (the ðnþ 1Þth coordinate of gh), the part with valuation
pnðvðg0h0Þ  nÞ þ npn1 comes fromXn
i¼0
gp
ni
i h
pi
ni
and thus, the nth leading coeﬃcient of gh is obtained by multiplying the
leading coeﬃcients of the terms in the sum. ]
Theorem 4.2. For g 2 U0ðP Þ, FðgÞ ¼ g0ðP Þ.
Proof. Just observe that pnðordP ðg0Þ  nÞ þ npn150 for n51, and it is
zero for n ¼ 0. ]
Theorem 4.3. If A is the Hasse invariant of E relative to the invariant
differential l such that ðdp0=lÞðP Þ ¼ 1, then
FðpÞ ¼ ð1þ Ap
1
T Þ:
LUI´S R.A. FINOTTI130Proof. Since ordtðP ÞðpÞ ¼ ordP ðp0Þ ¼ 1, then pnðordP ðp0Þ  nÞ þ npn1 is
equal to 1 for n ¼ 0; 1, and it is negative for n > 1. So
FðpÞ ¼ 1þ ap
1
T ;
where p1 ¼ ap0 þ 
 
 
. Hence we need to prove that
dp1
dp0
ðP Þ ¼ A1: ð6Þ
So, let u 2 UðP Þ such that u dp is an invariant diﬀerential (i.e., holomorphic)
on E, with u0ðP Þ ¼ 1. Thus, l ¼ u0 dp0.
Now, let f be the lift of the Frobenius to E. Then, f* ðusdpsÞ=p,
where *s, for * 2 R, is obtained by applying the Frobenius s for Witt
vectors on the coeﬃcients of *, is a well-deﬁned homomorphic diﬀerential on
E, and its reduction modulo p, say o, depends only on u0 dp0. (See [3].)
Thus,
o ¼ cu0 dp0 ¼ cl; ð7Þ
for some c 2 k.
If we apply the Cartier operator, we get
CðoÞ ¼ CðclÞ ¼ c1=pA1=pl: ð8Þ
On the other hand, by [1], we know that, for * 2 R, the p-derivation
d* ¼def *
s
8 f *p
p
; ð9Þ
is such that the reduction modulo p of di* is equal to vi þ Bi, where Bi is a
polynomial in v0; . . . ; vi1 that we can compute explicitly. (We observe that
this polynomial is zero for i ¼ 1.) Therefore,
1
p
f* ðus dpsÞ ¼ ðpdu þ upÞ ðdðdpÞ þ pp1 dpÞ
and, reducing modulo p, we deduce that
o ¼ up0 ðdp1 þ p
p1
0 dp0Þ: ð10Þ
Applying the Cartier operator in this new expression for o we get
CðoÞ ¼ u0 dp0 ¼ l, and comparing with (8), we get c ¼ A1. So, comparing
Eqs. (7) and (10), we obtain (6). ]
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bnðgÞ ¼ c0ðP Þ
pn v
n
 !
Anp
n1
:
(With A as in the statement of Theorem 4.3.)
Proof. We have
FðgÞ ¼ FðcÞFðpÞv ¼ c0ðP Þð1þ Ap
1
T Þv:
Hence
bnðgÞ
pn ¼ c0ðP Þ
v
n
 !
Anp
1
: ]
Corollary 4.5. The inequality in Theorem 3.1 is an equality unless
ðordPn
ðg0ÞÞ  0 ðmod pÞ, in which case it is a strict inequality.
Proof. This is a simple consequence of the previous corollary (and the
deﬁnition of bnðgÞ). Note that A=0 since our elliptic curve is ordinary. ]
Corollary 4.6. Let v¼defordO. Then, vðxnÞ > ððnþ 2Þpn  npn1Þ if, and
only if, p divides ðnþ 1Þ, and vðynÞ > ððnþ 3Þpn  npn1Þ, if, and only if, p
divides ðnþ 1Þðnþ 2Þ=2.
Proof. The valuation of xn (resp. yn) is larger than ððnþ 2Þpn  npn1Þ
(resp. ððnþ 3Þpn  npn1Þ) if, and only if, bnðxÞ ¼ 0 (resp. bnðyÞ ¼ 0),
relative to the uniformizer p ¼ x=y.
We observe that
x ¼
x
y
 2
þ 
 
 
 and y ¼
x
y
 3
þ 
 
 

and hence, by Corollary 4.4,
bnðxÞ ¼
2
n
 
Anp
n1
¼ ð1Þnðnþ 1ÞAnp
n1
and
bnðyÞ ¼
3
n
 
Anp
n1
¼ ð1Þn
ðnþ 1Þðnþ 2Þ
2
Anp
n1
;
which gives the result. ]
LUI´S R.A. FINOTTI132Remark. Theorem 1.1 tells us that the degree of xn as a polynomial in x0
is less than or equal to r¼def ½ðnþ 2Þpn  npn1	=2. Since
x0 ¼
x0
y0
 2
þ 
 
 
 and y0 ¼
x0
y0
 3
þ 
 
 
 ; ð11Þ
one can see that
bnðxÞ ¼ ð1Þ
nðnþ 1ÞAnp
n1
is also the coeﬃcient of xr0 in xn. Also, if p=2 and we write yn ¼ y0Fn, where
Fn is a polynomial in x0, then the degree of Fn as a polynomial in x0 is less
than or equal to s¼def ½ðnþ 3Þpn  npn1  3	=2, and its coeﬃcient of xs0 is
bnðyÞ ¼ ð1Þ
n ðnþ 1Þðnþ 2Þ
2
Anp
n1
(again, using (11)).
5. REDUCTION MODULO p3
In the next section, we will describe an algorithm to compute the
reduction modulo p3 of the canonical lift and the elliptic Teichm .uller map
explicitly for p=2; 3. To make sure that our computation gives us the right
answer, we introduce the following suﬃcient condition (true for all primes):
Proposition 5.1. Let k be a perfect field of characteristic p > 0. If E=
Wnþ1ðkÞ is an elliptic curve with reduction E, and if we have a section t over
E=fOg of the reduction from GðEÞ to E in the category of k-schemes, given by
ðx0; y0Þ/ðx; yÞ ¼ ððx0; . . . ; xnÞ; ðy0; . . . ; ynÞÞ;
where x=y is regular at O with x=yðOÞ ¼ 0, then E is the canonical lift of E and
t is the elliptic Teichm .uller lift.
Proof. The proof is just the last paragraph of the proof of Proposition
4.2 in [5]. ]
Note that in the general case, in contrast to what happens for the second
coordinate (see [5, Proposition 4.2]), it is not enough that degðxiÞ4ðnþ
2Þpn  npn1 and degðyiÞ4ðnþ 3Þpn  npn1 instead of x=yðOÞ ¼ 0: e.g., in
characteristic 5, considering just the ﬁrst three coordinates, the elliptic curve
y2 ¼ x3 þ x
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3
0 þ x0, and the map
nðx0; y0Þ ¼
def ððx0; 4x70 þ x
3
0; 4x
5
0 þ 3x
13
0 þ 2x
15
0 þ 2x
17
0 þ x
19
0 þ 4x
23
0
þ 3x250 þ x
27
0 þ4x
31
0 þ3x
33
0 þ 2x
37
0 Þ; ðy0; y0ðx
8
0 þ 2x
6
0 þ 2x
4
0 þ x
2
0 þ 3Þ;
y0ðx560 þ 2x
54
0 þ x
52
0 þ 3x
48
0 þ 3x
44
0 þ 2x
42
0
þ x400 þ 2x
38
0 þ x
36
0 þ 2x
34
0 þ 3x
32
0 þ 4x
30
0 þ x
26
0 þ 3x
24
0
þ x160 þ x
14
0 þ x
10
0 þ 4x
8
0 þ 3x
6
0 þ 3x
2
0 þ 4ÞÞÞ;
is a section of the reduction, but this map is not such that
n* ðx=yÞ ¼ ðx 8 nÞ=ðy 8 nÞ
is regular at O, and therefore, this is not the elliptic Teichm .uller lift. Using
the techniques introduced later, we can compute the correct map:
tðx0; y0Þ ¼
def ððx0; 4x70 þ x
3
0; 4x
5
0 þ 3x
13
0 þ 4x
15
0 þ 2x
17
0 þ x
19
0 þ 4x
23
0 þ x
27
0 þ 4x
31
0
þ 3x330 þ x
35
0 þ 2x
37
0 þ 2x
45
0 Þ; ðy0; y0ðx
8
0 þ 2x
6
0 þ 2x
4
0 þ x
2
0 þ 3Þ;
y0ð4x560 þ 3x
54
0 þ 4x
52
0 þ 3x
48
0 þ 3x
44
0 þ 2x
42
0 þ x
40
0
þ 2x380 þ 2x
32
0 þ 4x
30
0 þ 4x
26
0 þ 4x
24
0 þ 3x
22
0
þ 4x140 þ 4x
12
0 þ x
10
0 þ 4x
8
0 þ 4x
6
0 þ 2x
4
0 þ 4x
2
0 þ 4ÞÞÞ:
We now try to ﬁnd properties that will allow us to compute explicitly
coordinates of the coeﬃcients of the canonical lift and the elliptic
Teichm .uller. We ﬁrst observe that a method to compute the second
coordinates can be derived from results in [5]. So, we try to obtain the
analogues of those results to deduce a way to compute the third coordinates.
From the proof of Proposition 4.2 in [5], one can deduce:
dx1
dx0
¼ A1yp10  x
p1
0 ; ð12Þ
for p=2, where A is the Hasse invariant of the curve associated to the
invariant diﬀerential dx0=y0 (from this point on, A will always denote this
particular Hasse invariant). Following the same idea:
Proposition 5.2. For p=2, we have
dx2
dx0
¼ Aðpþ1Þyp
21
0  x
p21
0  x
p1
1
dx1
dx0
:
LUI´S R.A. FINOTTI134Proof. We consider the diﬀerential
1
p
f*
1
p
f*
dx
y
  
;
where f is the lift of the Frobenius. Its reduction modulo p, say o, is of the
form cdx0=y0, for some c 2 k.
If we apply the Cartier operator, we get
CðoÞ ¼ C c
dx0
y0
 
¼ c1=pA1=p
dx0
y0
: ð13Þ
On the other hand,
1
p
f*
1
p
f*
dx
y
  
¼
1
p
f*
dðdxÞ þ xp1dx
pdy þ yp
 
¼
dðd2xÞ þ ðdxÞp1dðdxÞ þ ðpdx þ xpÞp1ðdðdxÞ þ xp1dxÞ
pðpd2y þ ðdyÞpÞ þ ðpdy þ ypÞp
:
Since the universal polynomial B2ðx0; x1Þ ¼ x
pðp1Þ
0 x1, the reduction of
the diﬀerential above modulo p, that is again o, is
dðx2  x
pðp1Þ
0 x1Þ þ x
p1
1 dx1 þ x
pðp1Þ
0 ðdx1 þ x
p1
0 dx0Þ
yp
2
0
¼
dx2 þ x
p1
1 dx1 þ x
p21
0 dx0
yp
2
0
and computing the Cartier operator using this form of o and using (12), we
get
CðoÞ ¼
1
yp0
ðdx1 þ x
p1
0 dx0Þ ¼ A
1 dx0
y0
: ð14Þ
Comparing Eqs. (13) and (14), we get that c ¼ Aðpþ1Þ, and comparing the
two forms for o, we have
dx2
dx0
¼ Aðpþ1Þyp
21
0  x
p21
0  x
p1
1 ðA
1yp10  x
p1
0 Þ: ]
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give
dx1
dx0
¼
dx2
dx0
¼ 0:
Hence, the proposition above allows us to ﬁnd x2, except for ﬁnitely many
terms of the form dnx
np
0 . (We can ﬁnd the number of missing terms from the
bounds for the degree.)
Now, we take a closer look at the quotient x=y up to the third coordinate.
In this case we have
x
y
¼
x0
y0
;
x1
yp0

y1x
p
0
y2p0
;
xp1 y
p
1
y2p
2
0
þ
x2
yp
2
0
þ
xp
2
0 y
2p
1
y3p
2
0

xp
2
0 y2
y2p
2
0
 
þ
1
p
xp1
yp
2
0

yp1 x
p2
0
y2p
2
0

x1
yp0

y1x
p
0
y2p0
 !p !!
:
(We have here a small notation problem, since we cannot divide by p. But
notice that the polynomial
1
p
ðXp  Y p  ðX  Y ÞpÞ
has integer coeﬃcients, and we can substitute
X ¼
x1
yp0
; Y ¼
y1x
p
0
y2p0
in this polynomial to obtain what we write as
1
p
xp1
yp
2
0

yp1 x
p2
0
y2p
2
0

x1
yp0

y1x
p
0
y2p0
 !p !
in characteristic p. This abuse of notation will appear again below, but we
hope that no confusion will arise from it.)
Looking at the orders in the third coordinate, we see that
1
p
xp1
yp
2
0

yp1 x
p2
0
y2p
2
0

x1
yp0

y1x
p
0
y2p0
 !p !
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in

xp1 y
p
1
y2p
2
0
þ
x2
yp
2
0
þ
xp
2
0 y
2p
1
y3p
2
0

xp
2
0 y2
y2p
2
0
ð15Þ
have the same order, namely p2 þ 2p. (Note that the orders of x2 and y2
are precisely 4p2 þ 2p and 5p2 þ 2p, as we may see from our analysis of
the leading coeﬃcients.) But since t* ðx=yÞðOÞ ¼ 0, those terms have to add
up to have positive order.
So now we restrict ourselves to p=2; 3, and then we may assume that E is
given by an equation of the form
E=k : y20 ¼ x
3
0 þ a0x0 þ b0 ð16Þ
and that the canonical lift is given by
E=W ðkÞ : y2 ¼ x3 þ ax þ b: ð17Þ
Looking at the third coordinates of expression (17), we see
xp
2
0 y2
y2p
2
0
¼
xp
2
0
2y3p
2
0
ð2yp
2
0 y2Þ
¼
xp
2
0
2y3p
2
0
ð3x2p
2
0 x2 þ 3x
p2
0 x
2p
1  y
2p
1 þ 
 
 
Þ;
where the terms not shown have order greater than 7p2, and so when
multiplied by xp
2
0 =2y
3p2
0 , they give terms of positive order.
So, the part of (15) that has to add up to have positive order is

xp1 y
p
1
y2p
2
0
þ
x2
yp
2
0
þ
xp
2
0 y
2p
1
y3p
2
0

xp
2
0
2y3p
2
0
ð3x2p
2
0 x2 þ 3x
p2
0 x
2p
1  y
2p
1 Þ
¼ 
xp1 y
p
1
y2p
2
0
þ
x2
yp
2
0
þ
213xp
2
0 y
2p
1
y3p
2
0

213x3p
2
0 x2
y3p
2
0

213x2p
2
0 x
2p
1
y3p
2
0
:
Looking at the second coordinate of (17), we get
y1 ¼
213x2p0 x1 þ 
 
 

yp0
;
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Then, the part of xp1 y
p
1 =y
2p2
0 that has negative order is
213x2p
2
0 x
2p
1
y3p
2
0
and the part of 213xp
2
0 y
2p
1 =y
3p2
0 that has negative order is
8127x5p
2
0 x
2p
1
y5p
2
0
:
So, the part of (15) that has to add up to have positive order is

213x2p
2
0 x
2p
1
y3p
2
0
þ
x2
yp
2
0
þ
8127x5p
2
0 x
2p
1
y5p
2
0

213x3p
2
0 x2
y3p
2
0

213x2p
2
0 x
2p
1
y3p
2
0
¼ y5p
2
0 
3
2
x2p
2
0 x
2p
1 y
2p2
0 þ x2y
4p2
0 þ
27
8
x5p
2
0 x
2p
1


3
2
x3p
2
0 x2y
2p2
0 
3
2
x2p
2
0 x
2p
1 y
2p2
0

:
Using (16) and noticing that the part of the above expression that has to
add up to have positive order is the part inside the brackets that has order at
most 15p2, we get that
y5p
2
0 
3
2
x5p
2
0 x
2p
1 þ x2x
6p2
0 þ
27
8
x5p
2
0 x
2p
1 
3
2
x6p
2
0 x2 
3
2
x5p
2
0 x
2p
1
 
¼
x5p
2
0
y5p
2
0
3
8
x2p1 
1
2
xp
2
0 x2
 
has to add up to have positive order, i.e., the parts of order smaller or
equal to 5p2 inside the brackets above have to cancel out. Since
those terms are polynomials in x0, we get that the coeﬃcient of x
np
0 in x2
is 3=4 times the pth power of the coeﬃcient of xnþp0 in x
2
1, for all
n5ð3p þ 1Þ=2. (Note that by Proposition 5.2, we knew that all the terms of
degree, as a polynomial in x0, higher than ð3p2  1Þ=2 in x2 have to come
from terms of the form dnx
np
0 .) Therefore, in the computation of the elliptic
Teichm .uller, some of the missing coeﬃcients of x2 can be obtained from
coeﬃcients of x1.
Thus, this analysis, along with Proposition 5.1, allows us to deduce the
following theorem:
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E, and if we have a section t over E=fOg of the reduction from GðEÞ to E, in the
category of k-schemes, given by
ðx0; y0Þ/ðx; yÞ ¼ ððx0; x1; x2Þ; ðy0; y1; y2ÞÞ;
such that E and t are the canonical lift and the elliptic Teichm .uller modulo p2,
then the same is true modulo p3 if, and only if, the degree of the polynomial
(in x0) ½x
p2
0 x2  3=4x
2p
1 	 is less than or equal to ð5p
2  1Þ=2. In fact, if this
inequality holds, we must have the equality.
Proof. The only part not discussed before is the last statement. For it, it
just suﬃces to observe that Proposition 5.2 implies that the coeﬃcient of
xð3p
21Þ=2
0 in x2 is not zero (it is 2A
ðpþ1Þ) and that x2p1 just has powers of x0
multiples of p. ]
6. THE ALGORITHM
So now we see how to compute the canonical lifting and the elliptic
Teichm .uller explicitly, up to the third coordinate. In this whole section, we
assume p=2; 3, and that E and E are given by Eqs. (16) and (17).
First, we compute x1 by integrating formally formula (12), and we leave
the constant term, say c0, and the coeﬃcient of the term in x
p
0 , say c1, as
indeterminates. (Note that in this case, the Hasse invariant A is the
coeﬃcient of xp10 of ðx
3
0 þ a0x0 þ b0Þ
ðp1Þ=2.)
The second coordinate of the equation of E=W2ðkÞ, namely
ðy0; y1Þ
2 ¼ ðx0; x1Þ
3 þ ða0; a1Þðx0; x1Þ þ ðb0; b1Þ;
is given by
2yp0 y1 ¼ 3x
2p
0 x1 þ a
p
0 x1 þ a1x
p
0 þ b1
þ
1
p
ðx3p0 þ a
p
0 x
p
0 þ b
p
0  ðx
3
0 þ a0x0 þ b0Þ
pÞ: ð18Þ
Since y1 is y0 times a polynomial in x0, Eq. (18) (keeping a1 and b1 as
indeterminates) tells us that the division of polynomials (in x0)
3x2p0 x1 þ a
p
0 x1 þ a1x
p
0 þ b1 þ
1
pðx
3p
0 þ a
p
0 x
p
0 þ b
p
0  ðx
3
0 þ a0x0 þ b0Þ
pÞ
2ðx30 þ a0x0 þ b0Þ
ðpþ1Þ=2
must be exact. So we compute its remainder, which is a polynomial that has
coeﬃcients that depend on a1; b1; c0 and c1. Forcing that remainder to be
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gives us the canonical lift (i.e., a1 and b1) and x1 (i.e., c0 and c1). And y1 is
just y0 times the quotient of that exact division above.
We observe that the converse of Proposition 4.2 in [5] guarantees that the
elliptic curve and map found are the right ones. Also, note that the solution
of the system above does not have to be unique, since the canonical lift is
only unique up to isomorphism.
The way to compute the third coordinate is analogous: we integrate
formally the formula in Proposition 5.2, and add the terms of degree in x0
greater than 3p2 from x21 as explained in the end of the previous section, and
consider the coeﬃcients in xnp0 , say dn, for n from 0 to ½ð3p
2  1Þ=2p	, as
indeterminates.
Then, we just look at the third coordinate of the expression of the elliptic
curve, use the fact that y2 is also y0 times a polynomial in x0, and force the
corresponding remainder of the analogous division of polynomials to be
zero. We get another system, that we solve to get the desired values for the
indeterminates, i.e., a2; b2 and the di’s. Theorem 5.3 then guarantees that
this gives the canonical lift and the elliptic Teichm .uller. We used this method
to compute the canonical lift (the ﬁrst three coordinates) of
y20 ¼ x
3
0 þ x0
in characteristic p ¼ 5 shown in Section 5. In fact, we were able to compute,
using that algorithm, the canonical lift for a generic ordinary elliptic curve in
characteristic 5; if
y20 ¼ x
3
0 þ a0x0 þ b0
is such curve (a0=0, since the curve is ordinary), then its canonical lift has
a1 ¼ a20b
2
0 þ
b40
a0
;
a2 ¼ 2a250 þ a
22
0 b
2
0 þ a
19
0 b
4
0 þ 3a
16
0 b
6
0 þ 2a
13
0 b
8
0 þ a
7
0b
12
0 þ 4a0b
16
0
þ
3b180
a20
þ
4b200
a50
þ
4b220
a80
þ
4b240
a110
;
b1 ¼ 4a60b0 þ a
3
0b
3
0 þ b
5
0;
b2 ¼ a360 b0 þ 4a
33
0 b
3
0 þ 3a
27
0 b
7
0 þ 4a
21
0 b
11
0 þ 4a
15
0 b
15
0 þ a
12
0 b
17
0 þ 3a
6
0b
21
0 þ b
25
0 :
(The polynomials for the elliptic Teichm .uller map are too long to be put in
here.) We also were able to compute the generic cases for p ¼ 7; 11; 13. A
not too long particular case for p ¼ 7 would be
y20 ¼ x
3
0 þ 1;
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a1 ¼ 0; a2 ¼ 0;
b1 ¼ 4; b2 ¼ 0
and
x1 ¼ 5x0 þ 2x40 þ 4x
10
0 ;
x2 ¼ 4x0 þ 3x40 þ 5x
7
0 þ 4x
10
0 þ 6x
13
0 þ 6x
19
0
þ 2x220 þ 3x
25
0 þ x
28
0 þ 2x
31
0 þ 5x
34
0 þ 6x
37
0 þ 2x
43
0 þ 2x
46
0 þ 2x
52
0
þ 6x550 þ 4x
58
0 þ 2x
61
0 þ 2x
64
0 þ 3x
67
0 þ 3x
70
0 þ 6x
73
0 þ 5x
91
0 ;
y1 ¼ y0ð2x30 þ 3x
6
0 þ 4x
9
0 þ 6x
12
0 Þ;
y2 ¼ y0ð2þ 6x30 þ 3x
6
0 þ 6x
9
0
þ x120 þ x
15
0 þ 2x
18
0 þ 5x
21
0 þ x
24
0 þ 3x
30
0 þ x
39
0 þ 6x
42
0 þ x
51
0 þ x
54
0
þ 5x570 þ 6x
60
0 þ 4x
66
0 þ 3x
72
0 þ 6x
75
0 þ 6x
81
0 þ 4x
84
0 þ 5x
87
0
þ 6x930 þ 2x
96
0 þ 3x
105
0 þ 2x
108
0 þ 2x
111
0 þ 3x
114
0 Þ:
We ﬁrst had implemented the algorithm using the software Mathematica
and then, for convenience and speed, we switched to Magma, and the ﬁles
are available at
http://www.ma.utexas.edu/users/finotti/can_ifts.html
where we also put the generic formulas for characteristic 2, 3, 5, 7, 11 and 13
and some more examples.
We also observe that the algorithm described also seems to ‘‘work’’ if you
do not introduce the terms of x2 from x21, i.e., you use for x2 just the formal
integral of the derivative in Proposition 5.2, and the terms of the form dix
ip
0
for i5ð3p2  1Þ=2p. The algorithm will give you back a1; a2; x1; x2; y1
and y2, where n ¼ ððx0; x1; x2Þ; ðy0; y1; y2ÞÞ is a section of the reduction. But
since n* ðx=yÞ is not regular at O, the curve obtained is in principle not
necessarily the canonical lift, and the map is certainly not the elliptic
Teichm .uller. (This was how we obtained the ‘‘wrong lifting’’ n in Section 5.)
But it seems that this lift may be used for some applications in coding
theory, and it would be nicer than the canonical lift itself, since it has smaller
degrees.
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